Abstract. We study a 2D model of the orientation distribution of fibres in a paper machine headbox. The goal is to control the orientation of fibres at the outlet by shape variations. The mathematical formulation leads to an optimization problem with control in coefficients of a linear convection-diffusion equation as the state problem. Existence of solutions both to the state and the optimization problem is analyzed and sensitivity analysis is performed.
Introduction
This paper deals with a model describing the orientation of fibres moving through a paper machine headbox. The goal is to achieve an optimal orientation of fibres at the outlet, realized by changing the shape of the headbox. The mathematical model is justified in Olson et al. [2004] and its numerical solution is presented in Mäkinen and Hämäläinen. More results on this topic can be found e.g. in Hämäläinen [1993] and Haslinger, Málek, Stebel.
The geometry of a planar contraction (one-dimensional) headbox is described by a Lipschitz function α (see Figure 1 ). For simplicity, one-dimensional steady flow u = (u 1 (x 1 ), 0) is assumed. The model further considers only the distribution ψ = ψ(x 1 , φ) of the projected angle φ of the fibre along the central streamline. The distribution ψ is modelled by a linear convection-diffusion equation. This type of problems was analysed e.g. in Ladyzhenskaya and Ural'tseva [1968] or Křížek and Neittaanmäki [1990] . It does not generally possess unique solution, therefore it is eligible to verify that our problem is well posed.
The text is divided into two sections. The first one deals with existence of a solution to the state problem. The second section is devoted to the formulation of an optimal control problem, the existence of its solution, sensitivity analysis and optimality conditions.
Convection-diffusion equation
The probability distribution ψ is given by the solution of the linear convection-diffusion problem in the domain Ω = (0, 1) × (− 
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We assume that the flow is one-dimensional, i.e. u = (u 1 (x 1 ), 0). The continuity of the flow then implies u 1 (x 1 ) = β α(x 1 ) , where β > 0. Therefore the flow field can be eliminated from the model. Further, let α belong to the system of admissible functions
For a weak formulation we assume that there exists an extension of the Dirichlet boundary condition ψ D ∈ W 1,2 (Ω). This is obvious because ψ D is constant on Γ 1 . Further, we define the bilinear form a α and the linear form f α as follows:
and the space of test functions
In what follows we denote by · p and
Lemma 1. There exists a constant C > 0 independent of α ∈ U ad such that
hold for all α ∈ U ad and all v, w ∈ W 1,2 (Ω).
Lemma 2. Let α ∈ U ad and let any of the following conditions hold:
where C F is a constant from Friedrichs' inequality on V and γ is the smallest eigenvalue of A.
Then a α is elliptic on V .
Proof. We rewrite the convective term using Green's formula:
From this we see that
holds for every v ∈ V .
ad (ii) We estimate the last term from (8) using Hölder's and Friedrichs' inequality, which yield
Unfortunately, the assumption (i) of Lemma 2 can not be used in our case. A direct computation shows that
as follows from (1), which cannot be positive for any α ∈ U ad . Therefore only (ii) will be used.
Theorem 3 (Existence and uniqueness). Let ψ D ∈ W 1,2 (Ω) and let
Then for each α ∈ U ad there exists a unique weak solution ψ := ψ(α) of (P (α)). In addition,
where C > 0 does not depend on α.
Proof. If (11) is satisfied, then the assumption (ii) of Lemma 2 holds, as follows from (10). Thus a α is elliptic with a constant of ellipticity being independent of α. Existence and uniqueness of ψ satisfying (5) and (12) then follows from the Lax-Milgram lemma.
The previous theorem assures solvability of (P (α)) only in the case of a dominating diffusion. At the end of this section we mention a more general existence (but not uniqueness) result based on Fredholm's theorem for linear compact mappings.
Theorem 4. Let α ∈ U ad and ψ D ∈ W 1,2 (Ω). Then there exists at least one weak solution of (P (α)) if and only if f α , x = 0 (13)
for all x ∈ V solving the homogeneous adjoint problem: ∀y ∈ V a α (y, x) = 0.
We refer to Gilbarg and Trudinger [2001] for further details concerning solvability of convection-diffusion problems.
Shape optimization problem
In what follows we will assume that the parameters of the model are chosen in such a way that (11) holds. Further we will denote by ψ(α) the weak solution of (P (α)). Let us define the cost function
where ψ opt ∈ L 2 (Γ 2 ) is the desired distribution function on the outlet Γ 2 . The shape optimization problem reads as follows:
Existence of optimal shape
We will show that (P) has a solution using the classical Bolzano-Weierstrass theorem for continuous functions on compact sets. Definition 2. We define the convergence in U ad as follows:
From the well known Arzelà-Ascoli theorem it follows that U ad is compact with respect to above defined convergence.
Proof. It is easy to see that b αn ⇉ b α and c αn ⇉ c α in Ω. From Theorem 3 it follows that the solutions ψ n := ψ(α n ) of (P (α n )) are bounded:
where C is independent of α n . Therefore a subsequence {ψ n k } exists and converges weakly to some
is the solution of (P (α)). Since this solution is unique, the whole sequence {ψ n } tends weakly to ψ(α). Finally we use ellipticity of a n and Rellich's theorem to obtain strong convergence:
and consequently J(α n ) → J(α).
Theorem 7 (Existence). Problem (P) has a solution.
Proof. Since J is continuous and U ad is compact, the Bolzano-Weierstrass theorem says that J attains its minimum on U ad .
Sensitivity analysis
We have proved that the mappings α → ψ(α) and J are continuous on U ad . In this subsection their differentiability will be studied using the Implicit function theorem and the adjoint equation technique. Finally we derive the optimality condition for (P).
Lemma 8. The mapping α → ψ(α) is continuously differentiable on U ad .
